1
(1) T~λ exists and is continuous, (2) Γ" 1 exists but is discontinuous, (3) Γ~ι does not exist. A weighted mean matrix A is a lower triangular matrix with entries "nk=Pk/Pn> where p o >0 9 />"><) for n > 0, and P n = l n k=o p k . The necessary and sufficient condition for the regularity of A is that lim P n = oo.
In [2] it was shown that, for any regular weighted mean matrix A, the spectrum, σ(A) 9 contains the set {λ || λ -(2 -δ)" 1 1< (1 -δ)/(2 -8)} U S, and is contained in the set {λ || λ -(2 -γ)" 1 1< (1 -γ)/(2 -γ)} U S, where 8 = lim sup ρ n /P n , γ = lim inf p n /P n , and S = {/,"//>" I #1 >0} We shall first consider those regular weighted mean methods for which 8 = γ, i.e., for which the main diagonal entries converge. 
e., λ is a point of σ(A) for which R(T) φ X and T~λ exists and is continuous.
Proof. First of all XI -A is a triangle, hence 1-1. Therefore XI -A 1 U 2.
(1) ίλ-^)x nf a* k x k = 0 for«>0.
Thus x 0 = 0 and, from (1) , JC, is arbitrary and, with c n = p n /P n , Case I. Assume at most a finite number of the p k are zero. Then the above inequality is equivalent to 2(1 + a) + ((1 + af + fi^p/P^) < 0 for all j sufficiently large. The above inequality will be true for all j sufficiently large if 2 (1 + α) 
From the hypothesis on λ, and the discussion in the preceding paragraph,
for all n sufficiently large, and Σ | z n \ is convergent.
Since | (1 -l/A)/> n _ 1 x 1 /P n _ 2 | is bounded, it follows that Σ | x n \ is convergent, so that (λ/ -A*)x = 0 has nonzero solutions.
By [3, Theorem II 3.7] , XI -A does not have dense range. Therefore XI -A G III and hence XI -A E III, U III 2 .
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To verify that XI -A E III, it is sufficient, from [3, Theorem II 3.11] , to show that XI -A* is onto.
Supposey -(λl -A*)x, x, y E /. Then (λ -l)x 0 = y 0 and 00 (4) (λ-c π _,)x n -Σ P n -χXk/Pk-x=y n , n>0.
k = n+\
Choose JC, = 0 and solve for x in terms of y to get (5) "Pol **/**-i=.Vi k = 2
00
(6) (\-Cn _ χ ) Xn =y n +p n _ λ Jg X k /P k _ λ .
For example, substituting (5) into (6) and, fork > 1,
Since A: > 1, the series in the second inequality is dominated by the series in the first inequality which, from (3), is absolutely convergent. Therefore H^Hj < oo.
Since (λJ -A)~λ is bounded, it is continuous, and λ E \\l x σ(A).
Case II. Suppose an infinite number of the/?^ are zero. Since lim n p n = oo, there are an infinite number of nonzerop k . Denote these by {p n }-From (2) for n φ 1 + n k9 x n = 0. Otherwise,
Pn.
"*-' 7 =
Π (l -(i -i/λ)-
Now apply the same analysis as in Case I to verify that Σ | z n | converges, and hence XI -A* has nonzero solutions. To show that XI -A* is onto, the presence of an infinite number of p k -0 merely introduces more zero entries in B. For the non-zero entries, the same argument as Case I applies. Proof. First assume that A has distinct diagonal entries, and fix j > 1. Then the system (a^I -A)x = 0 implies x k -0 for k -0,1,... J -1, and, for n >y, The above system yields the recursion relation which can be solved for x n to yield (7) x l+m = 7Γ
Since 0 < Cj < 1, the argument of Theorem 1 implies that for all / sufficiently large. Therefore xGc implies x = 0 and a^I -A is 1-1, so that Cjl-A G 1 U 2. Clearly c } l -A E III. It remains to show that Cjl -A* is onto. Suppose (Cjl -A*)x -y, x 9 y E /. By choosing JC. + 1 -0 we can solve for x o? ,x 7 in terms of y Q9 ,>^ +1 . As in Theorem 1, the remaining equations can be written in the form x -By, where the nonzero entries of B are
Since p j+m /P j+m _ λ is bounded, and p J /P J+m _ ι < 1 for each m > 1, to show that II51| j is finite, it is sufficient to show that the series in (9) converges. We may write Pn-X = Pn-l P n-2P n -3'Pj ^ P n -λ Pj ?n-2 P n -3 * PjPj P n -2
Substituting in (9) the series then becomes Note that
Λ
From the hypothesis on λ, (3) is satisfied for all i sufficiently large, and the series in (9) is absolutely convergent.
Suppose A does not have distinct diagonal entries. The restriction on λ guarantees that no zero diagonal entries are being considered. Let Cj Φ 0 be any diagonal entry which occurs more than once, and let k, r denote, respectively, the smallest and largest integers for which c } -c k -c r . From (7) it follows that x n = 0 for n > r. Also, x n = 0 for 0 < n < k. Therefore the system (Cjl -A)x -0 becomes
Case I. r -k + 1. Then (11) reduces to the single equation
which implies x k = 0, since Cj = c r = c k + u and p 3 φ 0. Therefore x -0.
Case II. r > k + 1. From (11) one obtains the recursion formula *" = JVn(<7 ~ c^+^x^,/^, fe < n < r. Since x d τ = 0 it then follows that JC M = 0 for A: < n < r. Using (11) with n -k + 1 yields x* = 0 and so again x = 0.
To show that Cjl -A* is onto, suppose (Cjl -A*)x ~y,x,y^L By choosing x J+ x -0 we can solve for x 09 x,,... ,x y in terms of ^0, j 1? ... ,^ + lβ As in Theorem 1 the remaining equations can be written in the form x = By, where the entries of B are as in (8), with the other entries of B clearly zero.
Since k <y" < /% there are two cases to consider.
Case I. 7 = r. Then the proof proceeds exactly as the argument following (8).
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Case II. j < r. Then, from (8), b j+mJ+k = bj+ mJ + x = 0 at least for m > r -y + 2. If there are other values of n,j < n < r for which c n = c , then additional entries of B will be zero. These zero entries do not affect the validity of the argument showing that (9) converges. If δ = 0, then 0 does not lie inside the disc, and so it is not considered in this theorem.
Let λ = δ > 0. If a nn φ 8 for each /i > 1, all i sufficiently large, then the argument of Theorem 1 applies and 81 -A G III,. If a nn -8 for some w, then the proof of Theorem 2 applies, with c } replaced by δ, and, again, 81 -A G III,.
Therefore, in all cases, Cjl -A G 1 U 2.
THEOREM 3. Let A be a regular weighted mean method such that 8 = lim p n /P n exists and p n /P n > 8 for all n sufficiently large. Ifλ satisfies
Proof Fix λ Φ 1, δ/(2 -δ), and satisfying | λ -(2 -δ)" 1 | = (1 -δ)/(2 -δ). Since XI -A is a triangle, it is 1-1 and XI -A G 1 U 2. Now consider (λ/ -A*)x = 0. As in Theorem 1, x 0 -0, x, is arbitrary and {*"} satisfies (2) for all n > 0. From the hypothesis there exists a positive integer N such that n>N implies c n >: δ. This fact, together with the condition on λ, implies that I 1 + (1 -l/λ)p n /P n -\ |^ 1 for n>N. Thus \x n \>cp n _ x /P n _ 2 for n>N, where c is a constant independent of n. We may write Proof. Let c k be any diagonal entry satisfying 0 < c k < γ/(2 -γ). Let j be the smallest integer such that c j = c k . Since c 0 = 1, j > 0. By setting x π = 0 for n>j+ 1, JC 0 = 0, the system (c^ / -A*)x = 0 reduces to a homogeneous linear system of j equations in j + 1 unknowns, so that nontrivial solutions exist. Therefore Cjl -A E III.
If Cj -γ/(2 -γ) then clearly Cjl -A E 3. Assume 0 < c y < γ/(2 -γ) and let r denote the largest integer such that c r -c k . Solving (c r l -A)x = 0 leads to (7) Suppose A has a zero on the main diagonal and γ > 0. Let j denote the smallest positive integer for which c y = 0. Let e j denote the coordinate sequence with a 1 in the y th positive and all other entries zero. Then Ae j = 0, and c I -A --A is not 1-1. By setting x 0 = 0, x n -0 for n >j + 1, the system (Cjl -A*)x -0 reduces to a homogeneous linear system of j equations iny + 1 unknowns.
When the diagonal entries of A do not converge, it was shown in [2] that the spectrum need no longer be a disc. This fact was illustrated by considering weighted mean methods with diagonal entries c 0 = 1, c 2n -
The boundary of the spectrum is either an oval, two ovals tangent at a point on the x-axis between 0 and 1, or two disjoint ovals, depending on the relative sizes oίp and q. It will now be shown that the fine spectra of these methods behave exactly as the fine spectra for the weighted mean methods considered in Theorems 1-5. Consequently there exist nonzero sequences {x n } E / such that (λJ -A*)x = 0 and λl -A* is not 1-1. Therefore XI -A E III. It will now be shown that λl -A* is onto. Supposey = (λ J -A*)x, x, y E /. Then (λ -l)x 0 = y 0 and (4) holds. Solving (4) for x in terms of y yields the matrix B, from x = 5y, with entries as described in the paragraph following (6). Similarly,
From the hypothesis on λ, both series are convergent geometric series. For&> 1,
Since the above series is dominated by the series in (12), II5II! < oo. Based on the results established in this paper, the following is a reasonable conjecture.
Let A be a weighted mean method, A E B(l p ), for some p satisfying 1 <p < oo. Then all interior points of σ(A) belong to III 1? all boundary points, except 1, and possibly γ/(2 -γ), belong to II 2 , and 1 and all isolated points belong to IΠ 3 . If γ/(2 -γ) is a diagonal element of A, then γ/(2 -γ) G III 3 . Otherwise γ/(2 -γ) E II 2 .
